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Complex Numbers

IOta . \/_71 Jd =Y :q/'il_(;—,—)'

We define as

i2=-1. LR

Imaginary Numbers > 22

Any number of the for Al is called Imaginary number,
where a is real number D ; “-—_’: ;
Complex Number d 7

A complex number is a number of the form a + bi, where a
and b are real numbers.
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Complex Numbers
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Complex Numbers

Real and Imaginary parts of complex Numbers
5+ @
L
Real it Timegrhany fart


Highlight

Highlight


Example 1 — Complex Numbers

The following are examples of complex numbers.
3+ 4i Real part 3, imaginary part 4
1 _ 2 1 : 2
> — 31 Real part 5, imaginary part —3

o+ Ol Real part 0, imaginary part 6

~7+0¢ Real part —7, imaginary part O



Complex Numbers

Solve the equation A
/N .
X2+4=0 / ,
— — J l
we get Yx2 :{}4, [I:f - dv
= 1



Complex Numbers

DEFINITION OF COMPLEX NUMBERS
A complex number is an expression of the form
a + bi

where a and b are real numbers and i*> = — 1. The real part of this complex
number is a, and the imaginary part is b. Two complex numbers are equal if
and only if their real parts are equal and their imaginary parts are equal.

Note that both the real and imaginary parts of a complex
number are real numbers.
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Arithmetic Operations on
Complex Numbers

. —
3+ 21 ST Cle e
6 +71 [+, 64/
I
q+ 9
r—

=1 +T« 1



Example 2 — Adding, Subtracting, and Multiplying Complex Numbers

Express the following in the form a + bi.

(@) (3 +5i) + (4 - 2i) ~ (b) (3+5i) —/@%— 2i)
3451 Y- = T+H 250 4G 4+ 20 = —| -[-7i
(c) (3+5)(4-2i) (d) %3
Vv
Solution:

(a) According to the definition, we add the real parts and
we add the imaginary parts.

(3 +5i) + (4—2i) = (3+4) + (5=2)i

=7+ 3
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Example 2 — Solution _

(b)) (3+51)—(4-21))=(3-4)+[5—(—2)]

==1+7i
(c) (3@0:
sx (22) :_)m:_
=22 + 14 591l 2)
~ :“-17_.
\ 1 s
—1z —Lv 200 — 108 e =G
- ._,L-/ = —le
) -—:2.2"\'“’\'7 -

~ 1kl Y
- — 13
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Arithmetic Operations on Complex Numbers

Conjugate of a Complex Number

Let z =a + bi be a complex number and its complex
conjugate is denoted by z and defined as

. 27) ( 3=
Z= a+:b _ | e/)/ 6 +7_ l)'z.(
L zZ=a-hi. -3+ 2
Note that
z-7 = (a+bi)(a- bi) = a% + b2 Q{

So, the product of a complex number and its conjugate is

always a nhonnegative real number.
e~ —~— —
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Arithmetic Operations on Complex Numbers

Conjugate of a Complex Number

\\\ﬁ e of >

Complex Conjugates Co\n‘) o
Number Conjugate @ ., yluV"‘L{V
3+ 2 3 — 2 ¢ LS
1 —i 1 +i
4 —di NS
5 5 M g
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Arithmetic Operations on Complex Numbers

We use this property to divide complex numbers.

DIVIDING COMPLEX NUMBERS

a + bi _ :
T multiply the numerator and the denominator
C i

by the complex conjugate of the denominator:

a + bi (a+bi)<c—di) (ac + bd) + (bc — ad)i

c+di \c+di)\c—di 2+ d2

To simplify the quotient
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—lotS= -7

Example 3 — Dividing Complex Numbers

3£1L ()

EXpres%\&‘%\gng IN th\sforma+bi. /// G
i . e R
(3+50) U+2i) 3 4645 bt 740

@) (1=2) (+29) ° ot - T

7 + 3i . _ =7
(b) — == s
Solution:

We multiply both the numerator and denominator by the
complex conjugate of the denominator to make the new
denominator a real number.
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Example 3 — Solution _—

(a) The complex conjugate of 1 —2iis1-2i=1 + 2I.

Therefore
3+5i_<3+5i)<1+2i)
1 — 2 1 —2i/\ 1+ 2i
=T+ 11
S
7 11
5 5
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Example 3 — Solution _—

(b) The complex conjugate of 4i is —4i..

Therefore
7+ 3i (7 + 31’)(—41')
4i 4 —4
12— 28i
16
_3 7.
4 4°
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Square Roots of Negative
Numbers

20



Sqguare Roots of Negative Numbers

SQUARE ROOTS OF NEGATIVE NUMBERS

If —r is negative, then the principal square root of —r is
V—r=iVr

The two square roots of —r are i Vr and —i Vr.

21



Example 4 — Square Roots of Negative Numbers

(b)v=16 = iV16
\/

= 4i
N o 143
(c)V-3=iV3
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Sqguare Roots of Negative Numbers

Although Va- Vb = Vab when a and b are positive, this is

not true when both are negative.
1z I3 - «]—7»/5 =Je
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Sqguare Roots of Negative Numbers

For example, \/
V=2-V-3=iV2-iV3=i*V6=-V6

but V(=2)(=3) = V6 /

SO V=2-V-3 7 V(-2)(-3)

24



Complex Numbers

SKILLS

7-16 m Real and Imaginary Parts Find the real and imaginary
parts of the complex number.

- Answers
Loy =213
9 2 5/ 7. 5 — Ti: real part 5, imaginary part —7.
’ —2 —5i . .
3 9. 3 - —% — %f: real part —3, imaginary part —%.

11. 3 11. 3: real part 3, imaginary part 0.
R = 3 ] 13. —%f: real part 0, imaginary part —%.
15. V3 + V—4 15. /3 + /=4 = /3 + 2i: real part /3, imaginary part 2.
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Complex Numbers

27-36 m Products Evaluate the product, and write the result in
the form a + bi.

27. 4—1 + 2i)
®.29. (7 - i)(4 + 2i)
31. (6 + 5i)(2 — 3i)

31



Complex Numbers

Answers

27. 4(—1+42i) = —4 + 8i

29, (7—i)(4+2i) =28+ 14i —4i —2i2 = (28 +2) + (14— 4)i = 30+ 10

3. (64 51)(2—3i) = 12— 18i + 10i — 15i2 = (12 4+ 15) + (=18 + 10) i =27 — &i

33. (24 5)(2—5i)=2%—(51)2 =4 —-25(-1) =29

35. (2452 =224 (51)2 +2(2) (5i)) =4 — 25+ 20i = —21 + 20i

32



Complex Numbers

37—46 m Quotients Evaluate the quotient, and write the result
in the form a + bi.

¥
b

I
i

L |

41.

4
$a
_|_
=

43,

1 <+ ¢ | — i
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Complex Numbers

Answers
17 1_1 r'_ P

i0 i i2 =1 !

2—-3i 2-3i 142 244i-3i—6i° Q2+6)+@4—3)i 8+i g .
39. - = - - - = - = = .DI'E_FE_;

1 —2i 1 —2i 1+42i 1 — 42 1+ 4 5 -

10i 10i 142 10i +20i2 =204+10i 5(—4+2i
N — = —— = — = AL S ) Y

1—=2i 1=2i 142 1 — 42 1+4 5

44+6i 4+6i 3i 12i+18i2 —18+12i —18 12 4.
43. - = - — = 5 = = -+ !=2—§J

3i 3i 3i Q< -9 -9 -9

1 1 1 | —i 1 1+ 1 —i 141 1 —i —1—i
45. - — - = - - — : - = — = = —i

1+i 1—i 14i 1—=i 1—i 1+i 1—-i2 1-j2 2 2
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Complex Numbers

53-60 m Radical Expressions Evaluate the radical expression,
and express the result in the form a + bi.

®.53. V—49

®.55. V-3V-12

2+ V-8
59. ——
1 + V=2

35



Complex Numbers

Answers

53. /=49 = \/4_9\/—1 =7i

55. /=3/—=12 = i/3-2i/3 = 6i% = —6

2 + \/—8_2+2i~/§_2(l+i‘/§)
l+V/=2  14i/2 1 4iy/2

- A = 2
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Complex Numbers

Tr T
YU _q8
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